Abstract. There are several combinatorial objects that are known to be in bijection with the spanning trees of a graph G. These objects include G-parking functions, critical configurations of G, and descending traversals of G. In this paper, we extend the bijections to generalizations of all three objects.
Introduction
A parking function (of length n) is a sequence (a 1 , a 2 ,... , a n ) of nonnegative integers for which there exists a permutation π ∈ S n so that a π(i) < i for every 1 ≤ i ≤ n. This concept was introduced (by way of an analogy to parking on a one-way street) in a 1966 paper by Konheim and Weiss [10] on linear probing. In combinatorics, parking functions are most famous for being in bijection with the set of labelled trees on n vertices and several combinatorial proofs of this fact are known; see [9] for an example. More recently, renewed interest in parking functions has spurred various generalizations. In 
, a family of bijections between the set of G-parking functions and spanning trees of G was constructed, each bijection being determined by a proper set of tree orders.
Kostić and Yan [11] generalized this work further. A G-multiparking function is a function
Throughout this paper, we will refer to those vertices i with f (i) = ∞ as roots and those with 0 ≤ f (i) < O U (i) as being well-behaved in U. Let M P = M P R, G denote the set of G-multiparking functions with root set R.
There is a subtle but important difference between this definition of G-multiparking function and the one that appears in [11] . In that paper, the minimal vertex in each component of G is required to be a root; here there is no such restriction. Note, however, that R cannot be empty; V (G) cannot have a well-behaved vertex, so it must have a root. This paper will construct bijections between G-multiparking functions and two other objects, Dirichlet configurations and descending R-traversals. In Section 2, we provide an algorithm to verify whether a function is a G-multiparking function. In Section 3, we introduce Dirichlet configurations and some basic facts about them. In Section 4, we establish a bijection between G-multiparking functions and Dirichlet configurations on G. In Section 5, we introduce descending R-traversals, define a certain partition of the set of these objects, and prove that they are in bijection with G-multiparking functions.
A Burning Algorithm for Multiparking Functions
We begin with a simple result on G-multiparking functions. It was proven in [11] , but we present the proof here for completeness. Proof. Suppose π ∈ S n satisfies the condition and let U ⊆ V (G). Let l be the maximum index such that U ⊆ U l . By maximality, π(l) ∈ U.
The other implication follows from the definition of G-multiparking function.
This lemma suggests a simple algorithm for determining whether a function is a G-multiparking function. Let U 0 = V (G). If there is a vertex i 1 ∈ U 0 that is a root (clearly, nothing in U 0 can be well-behaved), then let U 1 := U 0 − {i 1 }. If there is a vertex i 2 ∈ U 1 which is a root or well-behaved, then let U 2 := U 1 − {i 2 }. Lemma 2.1 implies that, when this process is continued, U n = / 0 if and only if f is a Gmultiparking function. This algorithm is a generalization of the burning algorithm, which was originally developed in [7] to study critical configurations.
Example 2.2. In several examples in this paper, the following graph Γ will be considered.
